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Abstract

Many emerging large-scale data science applications require searding large graphs dis-
tributed acrossmultiple memories and processors. This paper preserts a distributed breadth-
rst seardh (BFS) scheme that scalesfor random graphs with up to three billion vertices and
30 hillion edges. Scalability was tested on IBM BlueGene/L with 32,768nodesat the Lawrence
Livermore National Laboratory. Scalability was obtained through a seriesof optimizations, in
particular, those that ensure scalable use of memory. We use 2D (edge) partitioning of the
graph instead of conventional 1D (vertex) partitioning to reduce communication overhead. For
Poissonrandom graphs, we show that the expected size of the messagess scalable for both 2D
and 1D partitionings. Finally, we have developed excient collective communication functions
for the 3D torus architecture of BlueGene/L that also take advantage of the structure in the
problem. The performance and characteristics of the algorithm are measuredand reported.

1 Intro duction

Data sciencehas gained much attention in recert yearsowing to a growth in demand for techniques
to explore large-scaledata in important areassuc as genomics,astrophysics, and national security.
Graph seard plays an important role in analyzing large data setssincethe relationship betweendata
objects is often represettied in the form of graphs, such as semartic graphs|[4, 14, 17]. Breadth-rst

seart (BFS) is of particular importance among di®eren graph seart methods and is widely used
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in numerous applications. An application of particular interest to us is the analysis of very large
semaric graphs. A common query that arisesin analyzing a semartic graph, for example, is to
determine the nature of the relationship betweentwo vertices in the graph, and suc a query can
be answered by "nding the shortest path between those vertices using BFS. Further, BFS can be
usedto nd a set of paths betweentwo vertices whoselengths are in a certain range. Another key
area of interest is community analysisin semaric graphs[5, 7, 20, 21, 22]. A community detection
algorithm by Newman and Girvan [22], for example, iterativ ely invokes BFS for all pairs of vertices
until it "nds all the community structures in the graph.

Searding very large graphs with billions of vertices and edges,however, poseschallengesmainly
due to the vast seard spaceimposedby the large graphs. Especially, it is often impossibleto store
such large graphsin the main memory of a singlecomputer. This makesthe traditional PRAM-based
parallel BFS algorithms [6, 10, 11, 13] unusable and calls for distributed parallel BFS algorithms
where the computation movesto the processorowning the data. Obviously, the scalability of the
distributed BFS algorithm for very large graphs becomesa critical issue,sincethe demandfor local
memory and inter-processorcommunication increasesas the graph sizeincreases.

In this paper, we propose a scalable and excient distributed BFS scheme that is capable of
handling graphs with billions of vertices and edges. In this researt we consider Poissonrandom
graphs, where the probability of any two vertices being connectedby an edgeis equal. We use
the Poissonrandom graphs, mainly becausethere are no publicly available large real graphs with
which we can test the scalability of the proposed BFS algorithm. A sccial network graph derived
from the World Wide Web, for example, cortains 15 million vertices [8] and the largest citation
network available hastwo million vertices[19]. In the absenceof the large real graphs, the synthetic
random graphs, which are the simplest graphs that have small diameter, the feature of real-world
networks, provide us with an easy meansto construct very large graphs with billions of vertices.
Furthermore, the random graphs have almost no clustering and thus have large edge-cutswhen
partitioned, allowing usto understandthe worst-caseperformanceof our algorithm. We usearbitrary
partitionings with the constraint that the partitions are balancedin terms of number of verticesand
edges.

We achieve high scalability through a set of clever memory and communication optimizations.
First, a two-dimensional (2D) graph partitioning [3, 15, 16] is used instead of more conventional
one-dimensional(1D) partitioning. With the 2D partitioning, the number of processesnvolved in
collective communications is O(' P) in cortrast to O(P) of 1D partitioning, where P is the total
number of processors. Next, we derive the bounds on the length of messagedor Poissonrandom
graphs. We shaw that givenarandom graph with n vertices, the expectedmessagdength is O(n=P).
This allows us to managethe local memory more exciently and improve the scalability. Finally,
we have deweloped scalablecollectives basedon point-to-p oint communications for BlueGene/L [1].
Here, we attempt to reducethe number of point-to-p oint communications, taking advantage of the
high-bandwidth torus network of BlueGene/L. In the implemertation of the collectives, we explore
the use of reduce-scatter (where the reduction operation is set-union) rather than straightforward
use of all-to-all. It is shawn that the reduce-scatterimplementation signi cantly reducesmessage
volume.

Our BFS scheme exhibits good scalability as it scalesto a graph with 3.2 billion vertices and
32 billion edgeson a BlueGene/L system with 32,768 nodes. To the best of our knowledge, this
is the largest explicitly formed graph ever explored by a distributed algorithm. The performance
characteristics of the proposedBFS algorithm are also analyzed and reported.

This paper is organizedas follows. Section 2 describesproposeddistributed BFS algorithm. The



optimization of the BFS schemeis discussedn Section 3. The experimental results are presered in
Section 4, followed by concluding remarks and directions for future work in Section 5.

2 Prop osed Distributed BFS Algorithm

In this section, we presert the distributed BFS algorithm with 1D and 2D partitionings. The
proposedalgorithm is a level-syncronized BFS algorithm that proceedslevel by level, starting with
a source vertex, where the level of a vertex is de ned as its graph distance from the source. In
the following, we use P to denote the number of processorsn to denote the number of verticesin
a Poissonrandom graph, and k to denote the averagedegree. The P processorsare mapped to a
two-dimensionallogical processorarray, and we useR and C to denote the row and column stripes
of the processorarray, respectively. We consideronly undirected graphsin this paper.

2.1 Distributed BFS with 1D Partitioning

A 1D partitioning of a graph is a partitioning of its vertices such that ead vertex and the edges
emanating from it are owned by oneprocessot. The setof verticesowned by a processotis alsocalled
its local vertices The following illustrates a 1D P-way partitioning using the adjacency matrix, A,
of the graph, symmetrically reorderedsothat vertices owned by the sameprocessorare corntiguous.
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The subscripts indicate the index of the processorowning the data. The edgesemanating from
vertex v form its edge list which is the list of vertex indicesin row v of the adjacency matrix. For
the partitioning to be balanced,eat processorshould be assignedapproximately the samenumber
of vertices and emanating edges.

A distributed BFS with 1D partitioning proceedsas follows. At ead level, ead processorhas a
set F which is the set of frontier vertices owned by that processor. The edgelists of the vertices
in F are mergedto form a set N of neighboring vertices. Someof these vertices will be owned by
the same processor,and somewill be owned by other processors. For vertices in the latter case,
messagesire sert to other processorgneighbor vertices are sert to their owners) to potentially add
theseverticesto their frontier set for the next level. Each processorreceivesthese sets of neighbor
vertices and mergesthem to form N, a set of vertices which the processorowns. The processormay
have marked someverticesin N in a previous iteration. In that case,the processorwill ignore this
messageand all subsequeh messagesegarding those vertices.

Algorithm 1 describesthe distributed breadth- rst expansionusing the 1D partitioning, starting
with a vertex vs. In the algorithm, every vertex v becomeslabeled with its level, L (v), which
denotesits graph distance from vs. The data structure L, (v) is alsodistributed sothat a processor
only storesL for its local vertices.

1we assumethat only one processis assignedto a processorand use processand processorinterchangeably.



2.2 Distributed BFS with 2D partitioning

A 2D partitioning of a graph is a partitioning of its edgessuc that ead edgeis owned by one
processor. In addition, the vertices are also partitioned suc that ead vertex is owned by one
processor. A processstores some edgesincident on its owned vertices, and some edgesthat are
not. This partitioning can beillustrated using the adjacencymatrix, A, of the graph, symmetrically
reorderedsothat vertices owned by the sameprocessorare cortiguous.
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Here, the partitioning is for P = R ¢C processors]ogically arrangedin a R £ C processommesh. We
will usethe terms processor-ow and processor-olumn with respect to this processormesh. In the
2D partitioning above, the adjacencymatrix is divided into R ¢C block rows and C block columns.

The notation Ai(;) denotesa block owned by processor(i; j). Each processorowns C blocks. To
partition the vertices, processof(i; j) ownsthe verticescorresponding to block row (j j 1)¢R+i. For
the partitioning to be balanced,eat processorshould be assignedapproximately the samenumber
of vertices and edges. The corvertional 1D partitioning is equivalert to the 2D partitioning with
R=1orC-=1.

For the 2D partitioning, we assumethat the edgelist for a given vertex is a column of the
adjacency matrix. Thus ead block in the 2D partitioning cortains partial edgelists. In BFS using
this partitioning, ead processorhas a set F which is the set of frontier vertices owned by that
processor. Consider a vertex v in F. The owner of v sendsmessagedo other processorsin its
processor-columnto tell them that v is on the frontier, since any of these processorsmay cortain
partial edgelists for v. We call this communication step the expand operation. The partial edgelists
on ead processorare mergedto form the set N, which are potential vertices on the next frontier.
The vertices in N are then sert to their owners to potentially be added to the new frontier set
on those processors.With 2D partitioning, these owner processorsare in the same processorrow.
This communication step is referred to as the fold operation. The communication step in the 1D
partitioning (steps8{13 in the Algorithm 1) is the sameasthe fold operation in the 2D partitioning.
The advantage of 2D partitioning over 1D partitioning is that the processor-columnand processor-
row communications involve R and C processorsyespectively; for 1D partitioning, all P processors
are involved in the communication operation. Algorithm 2 describesthe proposeddistributed BFS
algorithm using 2D partitioning. Steps7{11 and 13{18 correspond to expand and fold operations,
respectively.



Algorithm 1 Distributed Breadth-First Expansion with 1D Partitioning

0; v = vs, wherevs is a source

1: Initialize Ly (V) = 1 : otherwise

2. for |=0to1 do

3 F A fvjL,(v) = lg, the setof local verticeswith level |
4. if F = ; for all processorghen

5: Terminate main loop

6. end if

7. N A fneighbors of verticesin F (not necessarilylocal)g
8. for all processoryy do

9: Ng A fverticesin N owned by processorgg

10: Send Ng to processorq

11: Receiv e I\’lq from processorq

12: enq f%r

13 N A 7 Ng (The Ng may overlap)

14: for v2 N and L, (v)=1 do

15: Lv.(W)A 1+ 1

16: end for

17: end for

Algorithm 2 Distributed Breadth-First Expansion with 2D Partitioning

0; v = vs, wherevs is a source

1: Initialize Ly (v) = 1 otherwise

2. for I=0to1 do

3 F A fvjL,.(v) = Ig, the setof local vertices with level |

4. if F = ; for all processorshen

5: Terminate main loop

6: end if

7. for all processorgyin this processor-columndo

8: Send F to processorq

o Receiv e B, from processorq  (The F, are disjoint)

10. end fgr

1w FA  Fq a
122 N A neighbors of verticesin F using edgelists on this processor
13: for all processorgyin this processor-rev do

14: Ng A fverticesin N owned by processorgg

15: Send N to processorq

16: Receiv e l\llq from processorq

17: end~ fgr

188 NA " Ny (The Ng may overlap)

19: for v2 N and L, (v)=1 do

20: Lv,(WA I+1

21.  end for
22: end for




In the expand operation, processorssend the indices of the frontier vertices that they own to
other processors. For dense matrices [9] (and even in some casesfor sparse matrices [12]), this
operation is traditionally implemented with an all-gather collective communication, sinceall indices
owned by a processorneedto be sert. For BFS, this is equivalent to the casewhere all vertices
are on the frontier. This communication is not scalableas the number of processorsincreases. For
sparsegraphs, however, it is advantageousto only send vertices on the frontier, and to only send
to processorsthat have non-empty partial edgelists corresponding to these frontier vertices. This
operation can now be implemented by an all-to-all collective communication. In the 2D case,eat
processomeedsto store information about the edgelists of other processorsn its processor-column.
The storage for this information is proportional to the number of vertices owned by a processor,
and therefore it is scalable. We will show in Section 3 that for Poissonrandom graphs, the message
lengths are scalablewhen communication is performed this way.

The fold operation is traditionally implemented for densematrix computations as an all-to-all
communication. An alternativ e is to implemernt the fold operation as a reduce-scatteroperation. In
this case,eah processorreceives N directly and line 18 of the Algorithm 2 is not necessary The
reduction operation, which occurs within the reduction stage of the operation, is a set-union and
eliminates all the duplicate vertices.

2.3 Bi-directional BFS

The BFS algorithm described above is uni-directional in that the seard starts from the sourceand
cortinues until it readies the destination or all the vertices in the graph are visited. The BFS
algorithm can be implemented in a bi-directional fashion as well. In a bi-directional seard, the
seard starts from both sourceand destination vertices and cortinues until a path connecting the
sourceand destination is found. An obvious advantage of the bi-directional seard is that the frontier
of the seart remains small comparedto the uni-directional case. This reducesthe communication
volume as well as the number of memory accessessigni cantly improving the performance of the
seartr. The 1D or 2D partitioning can be usedin conjunction with the bi-directional BFS. For
additional details, see[23].

3 Optimizations for Scalabilit y

It was showvn in the previous section that the 2D partitioning reducesthe number of processors
involved in collective communications. In this section we shov how the BFS algorithm can be
further optimized to enhanceits scalability.

3.1 Bounds on message bu®er length and memory optimization

A major factor limiting the scalability of our distributed BFS algorithm is that the length of message
bu®ersusedin all-to-all collective communications grows as the number of processorsincreases.A
key to overcomingthis limitation isto usemessageéu®ersof xed length. In the following, we derive
the upper boundson the length of message our BFS algorithm for Poissonrandom graphs. Recall
that we de ne n asthe number of verticesin the graph, k asthe averagedegree,and P asthe number
of processors.We assumeP can be factored asP = R £ C, the dimensionsof the processormesh
in the 2D case. For simplicity, we further assumethat n is a multiple of P and that eat processor
owns n=P vertices.



Let A be the matrix formed by any m rows of the adjacency matrix of the random graph. We
de ne the useful quantity
H . ﬂ mk
nj 1
n

°(m) = 1j

which is the probability that a given column of A°is nonzero. The quartity mk is the expected
number of edges(nonzeros)in A® The function ° approaches mk=n for large n and approades 1
for small n.

For distributed BFS with 1D partitioning, processori owns the A; part of the adjacency matrix.
In the communication operation, processor sendsthe indices of the neighbors of its frontier vertices
to their owner processors. If all vertices owned by i are on the frontier, the expected number of
neighbor verticesis

n¢°(n=P) ¢(P j 1)=P:

This communication length is nk=P in the worst case,which is O(n=P). The worst caseviewed
another way is equal to the actual number of nonzerosin A;; every edgecausesa communication.
This worst caseresult is independert of the graph.

In 2D expand communication, the indices of the vertices on the frontier setaresert to the Rj 1
other processordn the processor-column.In the worst case,if all n=P verticesowned by a processor
are on the frontier (or if all-gather communication is usedand all n=P indices are sert) the number
of indices sert by the processoris

IGIIEY

which increaseswith R and thus the messagesizeis not cortrolled when the number of processors
increases.

The maximum expected messagesizeis boundedasR increaseshowever, if a processoronly sends
the indices neededby another processor(all-to-all communication, but requires knowing which in-
dicesto send). A processoronly sendsindicesto processorghat have partial edgelists corresponding
to vertices owned by it. The expected number of indicesis

g ¢ (n=R) ¢(Rj 1):
The result for the 2D fold communication is similar:

n

) ¢°(n=C) ¢(C i 1)

Thesetwo quartities are also O(n=P) in the worst case. Thus, for both 1D and 2D partitionings,
the length of the communication from a single processoris O(n=P), proportional to the number of
vertices owned by a processor.Once an upper bound on the messagesizeis determined, we can use
messagebu®ersof xed length independert of the number of processorsused.

3.2 Optimization of collectiv es for BlueGene/L

It can be deduced from the equations preseried in Section 3.1 that the expected messagesize
approades §- ¢k for large n. This implies that all-to-all communication may not be usedfor very
large graphs with high averagedegree,due to the memory constraint. To limit the size of message
bu®ersto a xed length, independen of k, the collectivesmust be implemented basedon point-to-
point communication. We have developed scalable collectives using point-to-p oint communications
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Figure 1: Mapping of the L, £ Ly logical processorarray to w¢ £ w; £ 4 torus.

speci cally designedfor BlueGene/L. Here, we attempt to reduce the number of point-to-p oint
communications, taking advantage of the high-bandwidth torus interconnect of BlueGene/L and to
reducethe volume of messagesransmitted.

3.2.1 Task mapping

Our BFS scheme assumesthat a given graph is distributed to a two-dimensionallogical processor
array. This logical processorarray is then mapped to a three-dimensional torus of BlueGenel/L.
Figure 1 illustrates this mapping. In this example,an Ly £ Ly logical processorarray is mapped
to awe £ w, £ 4 torus. The given Ly £ Ly logical processorarray is rst divided into a set of
we £ w; planes and then ead plane is mapped to the torus in such a way that the planesin the
same column are mapped to adjacent physical planesas showvn in Figure 1.b. With this mapping
the expand operation is performed by those processorsin the same column of adjacert physical
planes. On the other hand, the processorsperforming fold operation are not in adjacernt planes.
These processorsform processorgrids on multiple planeson which expand and fold operations are
performed as indicated by blue (dashed) and red lines in Figure 1.b. We concerrate on improving
the performanceof the collectiveson thesegrids.

3.2.2 The optimization of the collectiv es

Basically, the optimized collectives for BlueGene/L are implemented using ring communication, a
point-to-p oint communication that naturally works very well on a torus interconnect, to make them
scalable. We improve the performanceof these collectivesby shortening the diameter of the ring in
our optimization. In this scheme,the collective communications are performed in two phases. The
ideais to divide the processorsn the ring into several groups and perform the ring communication
within ead group in parallel. To ensurethat processorsn a group can receive and processmessages
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Figure 2: A fold operation on a 2£ 3 processomrid (The notation [S][R]denotesa setof messagesert
by processorsn group Sto processorsn group R. The sendingand receiving groups are represerned
as a range of comma-separatedist of processors.).

from the processorsin all other groups, processorsin ead group initially send messagegargeted
to other processorgroups. A processorsendsmessagedo only one processorin ead group in this
stage (phase 1). These messagewvill evertually be received by all the processorsin the targeted
group during the ring communication (phase?2). The processesare mapped to processorsn sud a
way that the processorsn ead group form a physical ring with (wraparound edges).

The fold operation is implemented as reduce-scatterin our optimization, where the reduction
operation is set-union. That is, all the messagesre scannedwhile being transmitted to ensurethat
the messagegdo not contain duplicate vertices. This union operation reducesthe total message
volume and therefore improves the comnmunication performance. In addition, the decreasein the
messagevolume reducesthe memory accessedor processingthe received vertices. The proposed
communication schemeis similar to the all-to-all personalizedcommunication technique proposed
in [24] but di®ersin that our scheme performs the set-union operation on transmitted messages.

In this scheme, the processorsin the samerows and columns of a processorgrid are grouped
together. In phasel, all the processordan the samerow group exchangemessagesn a ring fashion.
In this row-wise communication, a processorcombinesmessagesor all the processordn ead column
group and sendsthem to the processorsin the samerow. When a processadds its vertices to a
received messagejt only adds those that are not already in the message.Each processhas a set
of vertices from all the processesn its row group (including itself) to the processesn its column
group after the phasel. Thesevertices are then distributed to appropriate processesn its column
group in phase2 using point-to-p oint communication to complete the fold operation.

This isillustrated in Figure 2. In this example,the fold operation is performedon a 2£ 3 processor
grid. The processorsare grouped in two row groupsand three column groupsasshaown in Figure 2.a.
After phasel, eat processorin a row group cortains the messagedrom all the processesn the
row group to the processesn the column group that the processorbelongsto (Figure 2.b). After
these messagesre exchangedamongthe column processorsn phase2, eat processorhas received
all the messageslestinedto the processor(Figure 2.c).

The expand operation is a simpler variation of the fold operation. The di®erenceis that eadh
processorsendsthe samemessageo all the other processorson a processorgrid. We describe this
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using an example,wherean expandoperation is performedon a 2£ 3 processorgrid that is depictedin
Figure 2.a. In the “rst phase,the processorsn the samecolumn group sendmessageso ead other.
Therefore, all the messagego be sern to a row processorgroup have received by the processorsin
the row group after phasel, asshown in Figure 3.a. Thesemessagesire then circulated in row-wise
ring communications in phase?2. After the phase2, eath processorhas received messagegrom all
other processorgFigure 3.b). The time complexity of both fold and expand operations is O(m + n)
for an m £ n processorgrid.

4 Performance Evaluation

This section preseris experimertal results for the distributed BFS. We have conducted most of the
experiments on IBM BlueGene/L [1]. We also have conducted some experiments on MCR [1§], a
large Linux cluster, for the comparative study of the performance of the proposed BFS algorithm
on a more corvertional computing platform.

4.1 Overview of BlueGene/L system

BlueGene/L is a massiwely parallel system dewveloped by IBM jointly with Lawrence Livermore
National Laboratory [1]. BlueGene/L comprises65,536 compute nodes (CNs) interconnected as a
64£ 32£ 323D torus. Each CN cortains two 32-bit PowerPC 440processorsgad with dual °oating-
point units. The peak performanceof eah CN is 5.6 GFlops/s running at 700 MHz, allowing the
BlueGene/L systemto acdhieve the total peak performance of 360 TFlops/s. BlueGene/L is also
equipped with 512 MB of main memory per CN (and 32 TB of total memory).

Each CN contains six bi-directional torus links directly connectedto nearestneighbors in eadh
of three dimensions. At 1.4 Gbits/s per direction, the BlueGene/L system achieves the bisection
bandwidth of 360 GB/s per direction. The CNs are also connected by a separate tree network
in which any CN can be a root. The torus network is used mainly for communications in user
applications and supports point-to-p oint as well as collective communications. The tree network is
alsousedfor CNs to communicate with 1/0 nodes. It can be also usedfor somecollectivessuc as



broadcastand reduce.

A CN runs on a simple run-time system called compute node kernel (CNK) that hasa very small
memory footprint. The main task of the CNK is to load and execute user applications. The CNK
doesnot provide virtual memory and multi-threading support and providesa xed-size addressspace
for a singleuserprocess.Many convertional systemcallsincluding I/O requestsare function-shipped
to a separatel/O node which runs on a corvertional Linux operating system.

4.2 Performance Study Results

First, we have measuredthe scalability of the proposedBFS algorithm in weak scaling experiments
on a 32768-nale BlueGene/L system and presert the results in Figure 4. In a weak scaling study,
we increasethe global problem size as the number of processorsincreases. Therefore, the size of
local problem (i.e., the number of local vertices) remains constart. The local problem size usedin
these experiments is 100000vertices and the averagedegreeof the graphs varies from 10 to 200.

The scalability of our BFS schemeis clearly demonstratedin Figure 4.a. The largest graph used
in this study has 3.2 billion vertices and 32 billion edges.To the best of our knowledge, this is the
largest graph ever explored by a distributed graph seard algorithm. Sud high scalability of our
schemecan be attributed to the fact that the length of messagebu®ersusedin our algorithm does
not increaseas the size of graphs grows. Figure 4.a also reveals that the communication time is
very small comparedto the computation time (in the casewith local problem size of 100000vertices
and the averagedegreeof 10). This indicates that our algorithm is highly memory-intensive as it
involves very little computation. Proling the code has con rmed that it spends most of its time
in a hashing function that is invoked to processthe received vertices. The communication time for
other graphs with di®eren degreesis also very small and is omitted in the "gure for clarity.

It is shavn in Figure 4.a that the execution time curvesincreasein proportion to logP, where
P is the number of processors,and it is con rmed by a regressionanalysis. Part of the reasonfor
the logarithmic scalingfactor is that the seard time for a graph is dependert on the length of path
betweenthe sourceand destination vertices, and the path length is bounded by the diameter of the
graph, which is O(log n) for a random graph with n vertices[2]. That is, n increasesproportionally
asP increasesin weak scaling study, and therefore the diameter of the graph (and the seart time)
increasesin proportion to logP. The performance of the BFS algorithm improves as the average
degreeincreases. This is obvious, becauseas the degreeof vertices increasesthe length of a path
being searted decreasesand hencethe seart time decreasesNote, however, that for larger average
degree,the executiontime increasesfaster than log(n).

The Figure 4.b shows the total volume of messageseceived by our BFS algorithm asa function of
the number of levels usedin the seard. Theseresults are for a small graph with 12 million vertices
and 120million edges.It can be clearly seenin the "gure that the messagesolume increasesquickly
asthe path length increasesuntil the path length reachesthe diameter of the graph.

The scalability of the bi-directional BFS algorithm is comparedwith that of the uni-directional
BFS for the casewith the averagedegreeof 10 asshown in Figure 4.c. Similar to the uni-directional
seard), the scaling factor is logP. As expected, the bi-directional seard outperforms the uni-
directional seard1. The seart time of the bi-directional BFS in the worst caseis only 33% of that of
the uni-directional BFS. This is mainly becausethe bi-directional seard walks shorter distancethan
the uni-directional seard and signi cantly reducesthe volume of overall messageso be processed.
We have veri ed that the total volume of messageseceived by ead processorin a bi-directional
seard is orders of magnitude smaller than that in a uni-directional seard.
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Figure 4: Weak scaling results of the distributed BFS on 32768-nale BlueGene/L system. jVj and
k denote the number of vertices assignedto eat processorand the averagedegree,respectively.
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Figure 5: Strong scaling results of the distributed BFS on BlueGene/L system. jV|j denotesthe
number of vertices per processorand k denotesthe averagevertex degree.

We have conducted strong-scaling experiments and presert the results in Figure 5. In contrast
to weak scaling, we "x the size of a graph while increasingthe number of pgpcessorsin the strong
scaling experimerts. In Figure 5, the speedupcurvesgrows in proportion to = P for small P, where
P is the number of processors.For larger P, the speeduptaperso®asthe local problem sizebecomes
very small and the communication overheadbecomesdominant.

To understand the performance characteristics of the distributed BFS algorithm on a more con-
vertional computing platform, we have measuredits weak scaling performanceon MCR [18§], a large
Linux cluster located at LawrenceLivermore National Laboratory. MCR has 1,152nodes,ead with
2.4 GHz Intel Pentium 4 Xeon processorsand 4 GB of memory, interconnected with a Quadrics
switch. The results are compared with those obtained on BlueGene/L and presenied in Figure 6.
In these experiments, 20000local vertices are assignedto ead processorand graphs with average
degreesof 5, 10, and 50 are considered.

Figure 6.a plots the relative performance of the proposed BFS algorithm on MCR and Blue-
Gene/L. Here, the ratio of the execution time on BlueGene/L to that on MCR is usedas a perfor-
mancemetric. Figure 6.arevealsthat the BFS algorithm runs faster on MCR than BuleGene/L for
varying average degrees,especially for small graphs. For the small graphs, the execution time of
the distributed BFS algorithm is dominated by its computation time, rather than communication
time. The computation time is in large governed by the computing power of compute nodes, and
therefore running BFS on MCR, which has faster processorsand memory subsystemsand runs at
higher clock rate, results in the faster seart time. The execution-time ratio curvesin the graph,
however, decreasessthe sizeof graphsincreases.In fact, both MCR and BlueGene/L show similar
performancefor the graphswith 20 million vertices. This is dueto that the increasedcommunication
overheadon MCR nulli'es the performancegain obtained with its faster computing capability.

This is more evidert in Figure 6.b, which shavsthe communication overheadof the BFS algorithm
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Figure 6: Performance comparison of BFS algorithm on BlueGene/L and MCR. A seriesof weak
scaling experiments were conducted for the comparisonwith 20000local vertices per processor.

running on MCR and BlueGene/L, in terms of the ratio of the communication time to the total

execution time. The communication ratio for BlueGene/L remains almost °at as the number of
processorsncreases.This is expected, becausefor BlueGenel/L, a 3D torus macdhine, the aggregate
bandwidth proportionally increasesasthe number of processorsusedincreases.On the other hand,
the communication ratio for MCR increasesat a much more rapid rate comparedto BlueGene/L as
the sizeof the graphs(and hencethe communication overhead)increases.Figures 6.aand 6.b suggest
that MCR will be outperformed by BlueGene/L for very large graphsdue to the high communication

overhead. Unfortunately, the limited sizeof MCR cluster prohibits us from performing suc analysis
for larger graphs.

The performanceof the 2D and 1D partitioning are comparedin Table 1 for di®erent processor
topologies. We have usedtwo graphs, which have 3.2 billion and 0.32 billion edgesrespectively, in
the experimerts. It can be clearly seenin the table that the communication time of 1D partitioning
is much higher than that of 2D partitioning. The average length of messageseceived by eadh
processorper level is measuredfor the expand and fold operations in addition to the total execution
and communication time. The higher communication time of the 1D partitioning is dueto the larger
number of processorsinvolved in collective communications. In the worst case,the communication
takes about 40% of the total executiontime. Theseresults showv that 2D partitioning can reduce
communication time.

It isinteresting to note that in somecaseswith lower degree,whererow-wise partition is used,the
1D partitioning outperforms the 2D partitioning with the sameproblem size, despite the increased
communication cost. The averagelength of the fold messagesn a 1D partitioning is comparable
to that of 2D partitioning. On the other hand, much shorter messagesare exchanged during an



Vi, k) REC Execution Time | Comm. Time | Avg. Msg. Length/Lev el
Expand Fold
128 256 4.800 0.318 64016.70 | 65371.19
jVj=100000 || 25€F 128 4.843 0.324 65315.12 64124.96
k=10 3276& 1 5.649 2.147 66640.10 9032.11
1£ 32768 4.180 2.246 6379.10 66640.50
128 256 2.283 0.157 95573.54 | 115960.29
jVj=10000 || 256 128 2.385 0.164 114285.92| 98418.21
k=100 3276& 1 3.172 1.391 138265.36| 1760.00
1£ 32768 2.681 1.363 1361.99 138280.39

Table 1: Performanceresults for various processottopologieson BuleGene/L. jVj denotesthe number
of vertices per processorand k denotesthe averagevertex degree. The larger communication timings
for 1D partitioning is due to more processorsnvolved in the collective communications.

expand operation. Not only those expand messagesare transmitted locally, the shorter messages
result in reduction in memory accessesand performance improvemert. In other words, with the
1D partitioning there is a trade-o®betweenhigher communication cost and lower memory accessing
time. The 2D partitioning should outperform 1D partitioning for the graphswith higher degree,and
this was veri ed for a graph with fewer vertices (0.32 billion) but higher degree(100) in the table.
The e®ectof the average degreeof a graph on the performance of the partitioning scdemesis
analyzedfurther and shown in Figure 7, which plots the volume of messageseceived by a processor
at eadh level-expansionof a seart asa function of levelin the seard. Graphswith 40million vertices
with varying average degrees,partitioned over 20£ 20 processormesh, are analyzed in this study.
We have used an unreachable target vertex in the seard to capture the worst-casebehavior of the
partitioning schemes. Figure 7.a, where graphswith the averagedegreesof 10 and 50 are analyzed,
shaws that the messagesolume increasesmore slowly with 1D partitioning than 2D partitioning for
the low-degreegraph asthe seard progresses.For the high-degreegraph, 2D partitioning generates
less messageghan 1D partitioning. Further, we can determine the average degreeof a Poisson
random g@ph with which 1D and 2D partitionings exhibit identical performance. That is, assuming

R = C = P, we can calculate the value of the k by solving an equation
n. Pjl n n p_—
o _ _ T = 2 _ o __ P . l
ne () 5= = 265 ¢ (P5) ¢ P 1)

for givenn and P. The left and right hand sidesof the equation represen the messagdengths per
level-expansionfor 1D and 2D partitionings, respectively. We have computed the value of suc k for
P =400 and n=40000000and comparedthe performanceof 1D and 2D partitionings with the graph
in Figure 7.b. As expected, both 1D and 2D partitionings show nearly identical performance.

We demonstrate the e®ectivenessof our union-fold operation for the BlueGene/L in the Figure 8.
We have used the redundancy ratio as performance metric in this experiment. The redundancy
ratio is de ned asthe ratio of duplicate vertices eliminated by the union-fold operation to the total
number of vertices received a processor. Obviously, more redundart vertices can be eliminated by
the union-fold operation for the graph with the higher degree(100). It is shownn that the union-fold
operation can save as much as 80% of vertices received by ead processor. Although the proposed
union operation requires copying of received messagesncurring additional overhead, it reduces
the total number of vertices to be processedby ead processorand ultimately improves overall
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Figure 8: Performanceof the proposedunion-fold operation for BlueGene/L. jVj denotesthe number
of vertices per processorand k denotesthe averagevertex degree.



performance by reducing memory accessingtime of the processor. The redundancy ratio declines
for both graphs, howewer, as the number of processorsincreases. It has beenshownn in Figure 4.b
that the messagdength increasesexponertially asseart expandsits frontiers until the path length
approadesthe diameter of the graph, after which the messagdength remainsconstart. This means
that the total number of vertices (or total messagelength) received by ead processorshould be
almost constart independert of the number of processorsin a weak scaling run, sincethe diameter
of the graph increasesvery slowly especially for large graphs. What this implies is that the number
of duplicate vertices in received messageshould be constart as well. Howewer, in our union-fold
operation ead processorreceives more messagess the number of processorsincreases,becauseit
passeshe messagesising ring communications. This is why the redundancy ratio declinesas more
processorsare used.

5 Conclusions

We proposea scalableparallel distributed BFS algorithm and have demonstrated its scalability on
BlueGene/L with 32,768processorsn this paper. The proposedalgorithm uses2D edgepartitioning.
We have shown that for Poissonrandom graphs the length of messagedrom a single processoris
proportional to the number of vertices assignedto the processor.We usethis information to con ne
the length of messagebu®ersfor better scalability. We also have developed two excient collective
communication operations basedon point-to-p oint communication designedfor BlueGene/L, which
utilizes the high-bandwidth torus network of the machine. Using this algorithm, we have searted
very large graphswith morethan 3 billion verticesand 30billion edges.To the bestof our knowledge,
this is the largestgraph searhed by a distributed algorithm. Furthermore, this work providesinsight
on how to design scalablealgorithms for data- and communication-intensive applications for very
large parallel computers like BlueGene/L.

Future work should addressgraphs besidesPoissonrandom graphs, e.g., graphs with large clus-
tering coexcient and scale-freegraphs, which are graphs with a few vertices of very large degree.
The optimized collectivesfor BlueGene/L are currently implemented at application level using MPI
and thus require memory copiesbetween bu®ersin the MPI library and the application. To avoid
the overhead, we needto implement these collectives using BlueGene/L low-level communication
APIs. In addition, using the low-level communication APIs will allow usto deliver messagewia the
tree network of BlueGene/L and may enhancethe performanceof the collectives.
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